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Abstract
Despite recent developments, there are a number of conceptual issues on the hadronic light-by-light
(HLbL) contribution to the muon (g − 2) which remain unresolved. One of the most controversial
ones is the precise way in which short-distance constraints get saturated by resonance exchange,
particularly in the so-called Melnikov-Vainshtein (MV) limit. In this paper we address this and
related issues from a novel perspective, employing a warped five-dimensional model as a tool to
generate a consistent realization of QCD in the large−Nc limit. This approach differs from previous
ones in that we can work at the level of an effective action, which guarantees that unitarity is
preserved and the chiral anomaly is consistently implemented at the hadronic level. We use the
model to evaluate the inclusive contribution of Goldstone modes and axial-vector mesons to the
HLbL. We find that both anomaly matching and the MV constraint cannot be fulfilled with a finite
number of resonances (including the pion) and instead require an infinite number of axial-vector
states. Our numbers for the HLbL point at a non-negligible role of axial-vector mesons, which is
closely linked to a correct implementation of QCD short-distance constraints.
I. INTRODUCTION
The anomalous magnetic moment of the muon is one
of the most precise tests of the Standard Model dy-
namics. Besides the dominant electromagnetic contri-
bution, one is also testing the weak and strong inter-
actions. The present experimental value is given by
aexpµ = 116592091(54)(33)× 10−11 [1], where statistical
errors are the largest source of uncertainty. The up-
coming experiments at FNAL [2] and J-PARC [3] are
expected to reduced the experimental error by a factor
four down to 1.6× 10−10, much smaller than the current
theoretical uncertainty.
If the E821 experimental number is confirmed, the dis-
crepancy between the experimental value and the the-
oretical prediction, currently at about 3.5σ, would rise
up to a 7σ effect with the projected new precision. It is
therefore essential to have good control over the theoret-
ical estimate.
The theoretical prediction for aµ is overwhelmingly
dominated by electromagnetic and, to a much lesser ex-
tent, weak effects (see [4] for a review). Hadronic ef-
fects have a very modest contribution but are extremely
difficult to evaluate. The present theoretical number,
aSMµ = 116591823(1)(34)(26)× 10−11 [1], is dominated
by the hadronic uncertainties (second and third error
sources). The largest hadronic contribution comes from
the hadronic vacuum polarization, which can be rather
cleanly connected to existing data on e+e− scattering [5–
7]. In contrast, the (subleading) hadronic light-by-light
contribution is more remote from experiment.
The physics involved in the HLbL contribution is sensi-
tive to nonperturbative hadronic dynamics and cannot be
calculated from first principles, except in some particular
kinematical limits. One is therefore bound to use nonper-
turbative techniques. General arguments, based on chiral
symmetry and the large-Nc limit, can be used to assess
the relevance of the different contributions [8]. There is
general consensus that the neutral pion exchange pro-
vides the largest effect, and there is overall agreement on
the contribution of the neutral Goldstone bosons. How-
ever, the status of the axial-vector mesons and the sub-
leading 1/Nc effects is not as satisfactory. According to
estimates, these contributions could be responsible for at
least half the value of the HLbL, so a better understand-
ing of them is definitely needed.
Progress on the light-by-light front is nowadays pur-
sued along three main avenues: hadronic models, disper-
sion relation approaches and lattice simulations.
Hadronic models provide, by far, the largest pool of
HLbL determinations. In some cases the models are
rather broad in scope [9–12], while in some others cases
[13–15] the focus is on specific contributions. The main
strategy behind these approaches is to come up with
hadronic form factors able to successfully interpolate be-
tween low energies, where experimental data is available,
and high energies, where the OPE of QCD is valid. The
different models can then be understood as different ways
to build interpolating functions between these limiting
cases. In principle, the more constraints that a model
satisfies, the more reliable their predictions should be.
This has motivated a lot of work to increase the number
of known short-distance constraints and test their impact
on aµ [15–17].
2Dispersion relation techniques have been applied more
recently (see e.g. [18–21]). Their main focus is to bring
the HLbL determination as close as possible to the avail-
able experimental data, thus affording a much better con-
trol of the uncertainties with respect to hadronic models.
Progress is underway but there are still a number of open
issues. In particular, how dispersive techniques should
implement the short-distance constraints from perturba-
tive QCD is only starting to be studied (see, e.g. [22–24]).
In turn, lattice simulations are rapidly becoming com-
petitive [25–28] and should eventually give us the most
precise determination of the muon HLbL.
However, the effort to bring the HLbL under better
theoretical control requires to resolve some conceptual
issues that are still open. The core of the problem is to
understand how short distances are saturated by the dif-
ferent hadronic states. In the HLbL, understanding how
these duality relations work turns out to be a highly non-
trivial task. A notorious example is the short-distance
constraint discussed in [15], which was claimed to in-
crease substantially the value for the HLbL contribution.
Attempts to incorporate the constraint into form factor
models have led to a number of proposals, e.g. [4, 15].
However, without a better understanding of how this con-
straint happens to be fulfilled, the state of affairs with the
HLbL cannot be considered satisfactory.
In order to address the previous point, it is clear that
one has to go beyond form factor parametrizations and be
able to compute in terms of hadronic states at the level of
correlators. This can be done if one borrows techniques
from QFT in extra dimensions. It is well-known that,
starting from a five-dimensional theory, the compactifi-
cation to four dimensions gives rise to an infinite number
of modes, which can be interpreted as mesons [29–32].
These constructions can also be tailored to break chiral
symmetry spontaneously, such that in the infrared limit
one recovers chiral perturbation theory. If, addition-
ally, the five-dimensional theory lives in an Anti-de-Sitter
(AdS) gravitational background, the breaking of the as-
sociated conformal symmetry mimics the almost confor-
mal behavior of QCD at large momenta. As a result,
these theories approximate remarkably well both the long
and short-distance behavior of QCD correlators. Finally,
if the five-dimensional model is endowed with a Chern-
Simons term, one obtains a four-dimensional theory with
the chiral anomaly consistently implemented at all en-
ergy scales (see, e.g. [33, 34]). Following the AdS/CFT
prescription [35–37], there is a well-defined procedure to
compactify the fifth dimension and express the result-
ing four-dimensional effective action in terms of external
sources, out of which correlators can be computed with
functional differentiation. The five-dimensional model is
therefore used here simply as a technical device to end
up with a consistent four-dimensional theory of hadrons.
Similar five-dimensional settings have been used to
evaluate the pseudoscalar [38–40] and axial-vector con-
tributions [41] to the HLbL. In this paper we employ
the simplest model implementing all of the features men-
tioned above to evaluate the joint Goldstone and axial-
vector contributions to the HLbL correlator. As opposed
to the approaches described above, our determination
is inclusive and unitarity is thus automatically built-in.
Considering Goldstone and axial-vector states simultane-
ously is also a requisite to fulfil anomaly matching, as we
will show.
Our analysis clarifies a number of points. First, it
shows that the MV condition can only be fulfilled by
a collective effect of the axial-vector resonances and not
by a finite number of form factors. Similar results were
found in [41] and we thus confirm their conclusions. This
explains, in particular, why attempts to fulfill the condi-
tion with single-particle form factors were problematic,
no matter their degree of sophistication. Second, this
collective axial-vector effect is intimately connected with
having anomaly matching at all energies. With a finite
number of axial-vector mesons, anomaly matching simply
fails. This shows that axial-vector mesons have a more
prominent role than previously assumed.
Our number for the joint pseudoscalar and axial-vector
contribution to the HLbL is aµ = 125(15) · 10−11, largely
compatible with the numbers of other hadronic models
that incorporate the MV constraint. However, we argue
that part of the axial-vector contribution was previously
misidentified as coming from pseudoscalars. As a result,
we find that the relative weight of the axial-vector contri-
bution onto the HLbL is larger than previously claimed.
The structure of this paper is as follows. In Sect.II we
introduce our toy model and bring it to the form of a
four-dimensional effective action. We highlight how the
pion and the (infinite towers of) vector and axial-vector
resonances arise. In Sect.III we derive the expression
for the HLbL electromagnetic tensor as predicted by the
model in a closed form. The HLbL tensor is then nat-
urally split in two pieces, which collect the longitudinal
and transverse polarizations of the resonances exchanged.
The structure of the longitudinal piece is explored in de-
tail in Sect.IV, and in Sect.V we show its relation with
the triangle anomaly by analyzing the V V A correlator.
The MV short-distance constraint is discussed in Sect.VI.
We show explicitly how the model fulfills it and make the
connection with anomaly matching. In Sect.VII we give
our numbers for the Goldstone and axial-vector contri-
butions to the muon anomalous magnetic moment and
compare them with previous estimates. Concluding re-
marks are given in Sect.VIII, while technical aspects are
collected in three Appendices.
II. THE MODEL
In order to have a consistent realization of hadronic
physics in the large-Nc limit, we will adopt an extension
of the five-dimensional model introduced in [31], which is
a particular application of the AdS/CFT correspondence
[35] to hadronic physics. The spirit of using this model is
to have a minimal setup able to capture the relevant fea-
3tures of QCD for the HLbL, namely conformality at very
high energies, chiral symmetry breaking at low energies,
and the chiral anomaly.
The model is a five-dimensional U(3)L ×U(3)R Yang-
Mills–Chern-Simons theory,
S = −λ
∫
d5x
√−g tr
[
FMN(L) F(L)MN + F
MN
(R) F(R)MN
]
+ c
∫
d5x tr
[
ω5(L)− ω5(R)
]
, (1)
where LM = L
a
M t
a is a U(3)L gauge field, F(L)MN =
∂MLN − ∂NLM − i[LM , LN ] and
ω5(L) = tr
[
LF 2(L) +
i
2
L3F(L) −
1
10
L5
]
, (2)
where the wedge product of forms is implicitly under-
stood. Similar considerations apply to the right-handed
sector. ta are the eight Gell-Mann matrices extended
with t0 = 13/
√
6, normalized such that tr (ta tb) = 12δab.
A point in the five-dimensional space has coordinates
(x, z). The background metric will be chosen to be ex-
actly Anti-de-Sitter, so that
gMNdx
MdxN =
1
z2
(
ηµνdx
µdxν − dz2) , (3)
where µ, ν = (0, 1, 2, 3), M,N = (0, 1, 2, 3, z) and ηµν
has a mostly-negative signature. The fifth dimension is
assumed to be compact, i.e. four-dimensional boundary
branes exist at (x, 0) and (x, z0), the so-called UV and
IR boundary branes, respectively.
In order to make contact with the hadronic states, it
is convenient to trade the left and right-handed fields
Lµ(x, z) and Rµ(x, z) for vector and axial-vector ones
through the usual relations Lµ = Vµ − Aµ and Rµ =
Vµ+Aµ. These (massless) fields admit Kaluza-Klein de-
compositions
Vµ(x, z) =
∑
n=1
V (n)µ (x)ϕ
V
n (z) ,
Aµ(x, z) =
∑
n=1
A(n)µ (x)ϕ
A
n (z) , (4)
and generate two infinite towers of four-dimensional
modes, which become massive by absorbing the scalar
modes V
(n)
5 and A
(n)
5 through higgsing.
The resonance poles are determined from the solutions
for ϕV,An (z). Working in four-dimensional momentum
space, they are normalizable only for discrete values of
the four-momentum q, namely at
mV n =
γ0,n
z0
; mAn =
γ1,n
z0
, (5)
where γk,n is the n
th root of the Bessel function Jk(x).
The previous equation shows that the size of the fifth di-
mension is an infrared quantity that sets the confinement
scale.
Spontaneous chiral symmetry breaking is implemented
in this model through boundary conditions on the IR
brane, where low-energy physics takes place. The choice
Lµ(x, z0)−Rµ(x, z0) = 0 ,
F zµL (x, z0) + F
zµ
R (x, z0) = 0 , (6)
ensures that on the infrared brane only the subgroup
SU(3)V is preserved. The pattern of breaking is therefore
SU(3)L × SU(3)R → SU(3)V and an octet of Goldstone
bosons is generated.
The infrared boundary conditions make sure that all
the zero modes cancel except A
(0)
5 , which encodes the
Goldstone degrees of freedom. In order to have a more
conventional representation of the pion multiplet, it is
convenient to trade the A
(0)
5 field for a Wilson line. One
defines
ξL(x, z) = P exp
{
−i
∫ z0
z
dz′L5(x, z
′)
}
, (7)
such that the IR boundary conditions are respected, and
redefines the fields as
LξM (x, z) = ξ
†
L(x, z) [LM (x, z) + i∂M ] ξL(x, z) ,
RξM (x, z) = ξ
†
R(x, z) [RM (x, z) + i∂M ] ξR(x, z) . (8)
These chirally-dressed combinations make sure that the
physical degrees of freedom are Lξµ(x, z) and R
ξ
µ(x, z),
while their fifth components identically vanish.
The Goldstone degrees of freedom are captured by the
combination of Wilson lines (ξA(x, 0) ≡ ξA(x)):
U(x) ≡ ξL(x)ξ†R(x) = exp
[
2iπa(x)ta
fpi
]
, (9)
which transforms as U(x) → gL(x)U(x)g†R(x). The field
redefinitions in (8) are thus the way to move from a linear
to a nonlinear representation of chiral symmetry break-
ing. With SU(3)L × SU(3)R, one can always choose
ξL(x) = ξ
†
R(x) ≡ u(x), such that U(x) = u2(x) [42].
As a result, the expressions for the chirally-dressed UV
sources are
lξµ ≡ Lξµ(x, 0) = u†(x) [lµ(x) + i∂µ]u(x) ,
rξµ ≡ Rξµ(x, 0) = u(x) [rµ(x) + i∂µ]u†(x) . (10)
The Yang-Mills action in eq. (1) is invariant under this
field redefinition. In contrast, the Chern-Simons form
gets shifted to
ω5(L
ξ) = ω5(L) + ω5(ΣL) + dα4(L,ΣL) , (11)
where ΣL = dξLξ
†
L, and similarly for the right-handed
fields. The second term can be shown to reproduce the
ungauged Wess-Zumino-Witten Lagrangian, while the
function
α4(L,ΣL) =
1
2
tr
[
ΣL(LF(L) + F(L)L)
4+iΣLL
3 − 1
2
ΣLLΣLL− iΣ3LL
]
(12)
is a pure boundary term in five dimensions.
The connection with the associated effective four-
dimensional theory is done with the AdS/CFT correspon-
dence prescription [36, 37], according to which the value
of the five-dimensional fields on the UV brane are the
sources of the four-dimensional operators. It is therefore
convenient to split the fields as
Aµ(x, z) = a(x, z)aˆ
⊥
µ (x) + a¯(x, z)aˆ
‖
µ(x) +
α(z)
fpi
∂µπ(x) ,
Vµ(x, z) = v(x, z)vˆ
⊥
µ (x) + v¯(x, z)vˆ
‖
µ(x) , (13)
where vˆ(x) and aˆ(x) are identified with the classical
sources associated to the chiral currents
jaµ = qγµt
aq, j5aµ = qγµγ
5taq . (14)
The functions a(x, z), a¯(x, z), α(z), v(x, z) and v¯(x, z)
can be found by solving the (linearized) five-dimensional
equations of motion subject to the appropriate boundary
conditions (see Sect. III).
In order to obtain the four-dimensional effective ac-
tion, the solutions in eq. (13) are substituted into the
five-dimensional action and the dependence on the fifth
dimension is integrated out. The end result is a four-
dimensional generating functional, out of which the cor-
relators of the theory can be computed.
The model presented here contains an infinite tower of
vector and axial-vector resonances together with the pion
multiplet and is therefore a good toy model to evaluate
the interplay between Goldstone modes and axial vectors
in the HLbL.
All observables are expressed in terms of the three pa-
rameters λ, c and z0. The former is normally fixed by
matching the coefficient of the parton logarithm in the
axial-vector two-point function (see, e.g. [30] and Ap-
pendix B). This gives
λ =
Nc
48π2
. (15)
By requiring the right normalization of the chiral
anomaly, one finds
c =
Nc
24π2
. (16)
The parameter z0 is a characteristic infrared scale. Actu-
ally, the simplicity of the model means that all infrared
quantities depend on z0. For instance, the pion decay
constant is given by
f2pi =
8λ
z20
=
Nc
6π2z20
, (17)
and the resonance masses are given in eq. (5). Which
parameter is chosen to fix z0 depends on the application
at hand. We will come back to this issue in Sect.VII.
For the time being, we simply observe that the model
predicts extremely well the splitting between the lowest-
lying vector and axial-vector states, i.e.
mρ
ma1
=
γ0,1
γ1,1
∼ 0.63 , (18)
but cannot account for satisfactory values for fpi and mρ
simultaneously. This shortcomings can be circumvented
but at the price of sophisticating the model in a rather ad
hoc way. In this paper we will stick to the minimal model.
As we will argue in the next sections, since not all the
hadronic information is equally relevant for the HLbL,
the minimal model is already able to provide interesting
quantitative estimates.
Another limitation of the model is that the Goldstone
modes are strictly massless, i.e. there is no explicit chiral
symmetry breaking. In order to be realistic, we should
depart from the chiral limit and give the pion multiplet
a mass. We will account for explicit chiral symmetry
breaking simply by adding a mass term in the Goldstone
propagators. This modification can be understood as in-
troducing a deformation operator on the UV boundary
and therefore does not jeopardize the consistency of the
model. For more details, see for instance [43, 44] and
references therein.
III. THE ELECTROMAGNETIC FOUR-POINT
FUNCTION
The fundamental object for the HLbL is the electro-
magnetic four-point correlator of fig. 1, defined as
Πµνλρ(q1, q2, q3) = −i
∫
d4x d4y d4z e−i(q1·x+q2·y+q3·z)
× 〈0|T {jµem(x)jνem(y)jλem(z)jρem(0)}|0〉 , (19)
where jµem(x) = q¯γ
µQˆq, with Qˆ = 13diag(2,−1,−1) being
the electromagnetic charge matrix. Our conventions for
momenta are such that q1 + q2 + q3 + q4 = 0.
This correlator satisfies the Ward identities:{
qµ1 , q
ν
2 , q
λ
3 , q
ρ
4
}×Πµνλσ(q1, q2, q3) = 0 , (20)
which reduce the number of independent kinematic in-
variants down to 43 gauge-invariant tensor structures
[20].
In our model, all quartic terms in vector fields are an-
tisymmetric in flavor indices and therefore cancel due to
Bose symmetry. The leading contributions to eq. (19)
are driven by the cubic interactions in the Chern-Simons
term, corresponding to pion and axial-vector exchanges,
which are the leading effects in the 1/Nc expansion.
The corresponding diagrams are listed in fig. 2. The
vertices can be extracted from the effective action, which
is obtained by solving the equations of motion for vector
and axial-vector fields and plugging the solutions back
5µ−(p) µ−(p′)
q4
q2 q1q3
p− q2 p′ + q1
Πµνλσ
FIG. 1: The HLbL diagram. The blob represent the HLbL
tensor. In our conventions, photon momenta are pointing
inwards.
into the five-dimensional action. As usual, exact solu-
tions cannot be found and one has to resort to pertur-
bation theory, with the quadratic part of the Yang-Mills
piece as the leading effect and the Chern-Simons term as
a perturbation.
The Yang-Mills piece of the action can be written in
components as
SYM[V,A] = −2λ
∫
d4x
∫ z0
0
dz
z
× tr [(FVµν)2 − 2(FVµz)2 + (FAµν)2 − 2(FAµz)2] . (21)
From the Chern-Simons term we need to keep interac-
tions linear in the axial-vector field. They come from the
first terms in eqs. (2) and (12). In components, one finds
S
(3)
CS [V,A] = 2cε
µνλρdˆabc
[
− 1
2fpi
∫
d4xπa∂µV
b
ν ∂λV
c
ρ
+
∫
d5x
(
Aaµ∂νV
b
λ∂zV
c
ρ − ∂zAaµ∂νV bλV cρ − ∂νAaµV bλ ∂zV cρ
)]
,
(22)
where dˆabc = tr
[
ta{tb, tc}] and the last piece comes from
the boundary term in eq. (12). Plugging the expressions
for the vector and axial-vector fields given in eq. (13),
the previous expression can be split into a transverse,
longitudinal and the Goldstone contribution. In the fol-
lowing, we will concentrate on the contributions of the
neutral pion and the a1(1260) tower, and we will select
accordingly the flavor structure dˆ3γγ = 13 . For the nu-
merical estimates in Sect. VII, we will also consider the
contributions of the η, η′ and the axial-vector isosinglet
towers.
In order to build the diagrams of fig. 2 from the action
one needs the first-order solutions for vector fields and up
to second-order solutions for the axial-vector ones. The
first-order solutions are the so-called bulk-to-boundary
propagators. Working in four-dimensional (Euclidean)
momentum space, they read
v(z,Q) = Qz
[
K1(Qz) +
K0(Qz0)
I0(Qz0)
I1(Qz)
]
,
a(z,Q) = Qz
[
K1(Qz)− K1(Qz0)
I1(Qz0)
I1(Qz)
]
, (23)
where Kj(x) and Ij(x) are modified Bessel functions.
The axial-vector zero-mode α(z) instead simplifies to
α(z) = 1− z
2
z20
. (24)
The second-order solution for the axial-vector field can
be expressed in terms of the first-order ones as
A(1)µ (x, z) =
c
2λ
ǫανλρ
∫ z0
0
dξ GAαµ(z, ξ;x)∂ξVν∂λVρ ,
(25)
where GµνA (z, ξ;x) is the axial-vector Green function (see
Appendix A). The expression for the transverse and lon-
gitudinal components can be easily found by projecting
out the corresponding components of the Green function,
defined as
GAµν(z, z
′; q) = P⊥µνG
A
⊥(z, z
′; q) + P ‖µνG
A
‖ (z, z
′; q) , (26)
with
P⊥µν = ηµν −
qµqν
q2
; P ‖µν =
qµqν
q2
. (27)
Plugging the previous solutions back into eq. (1), the
relevant terms of the effective action for the electromag-
netic tensor are:
Seff ⊃
∫
d4x
{
c2
λ
εµνλρεµ
′ν′λ′ρ′
∫ z0
0
∫ z0
0
dz dz′
[
∂νVλ(x, z)∂zVρ(x, z)
]
GAµµ′(z, z
′;x)
[
∂ν′Vλ′(x, z
′)∂z′Vρ′ (x, z
′)
]
+
1
2
∂µπ(x)∂
µπ(x) +
c
fpi
εµνλρπ(x)
∫ z0
0
dz α′(z)∂µVν(x, z)∂λVρ(x, z)
}
. (28)
The first piece takes into account the contribution of
axial vectors while the second line contains the form fac-
tor of the pion coupled to two photons, which is defined
as
Γµν(q1, q2) = i
∫
d4x eiq1·x〈0|T {jemµ (x) jemν (0)} |π(p)〉
6qν2
q
µ
1
q
ρ
4
qλ3
(a)
qν2
q
µ
1
q
ρ
4
qλ3
(b)
qν2
q
µ
1
q
ρ
4
qλ3
(c)
qν2
q
µ
1
q
ρ
4
qλ3
(d)
qν2
q
µ
1
q
ρ
4
qλ3
(e)
qν2
q
µ
1
q
ρ
4
qλ3
(f)
FIG. 2: Diagrams contributing to the HLbL tensor at tree
level in our model. The solid lines represent the vector
bulk-to-boundary propagators, depending on the external mo-
menta. The double lines in (a), (c) and (e) denote the axial-
vector Green functions, while the dashed lines in (b), (d) and
(f) correspond to the pion propagator. The black dots repre-
sent the trilinear anomalous vertices, derived from the Chern-
Simons part of the action. To any of these vertices an inte-
gration over the fifth dimension is understood.
= εµναβq
α
1 q
β
2 Fpiγγ
(
q21 , q
2
2
)
. (29)
The pion propagator follows directly from the term
−2λAµ(x, z)1
z
∂zA
µ(x, z)
∣∣∣∣
z=0
, (30)
which is the effective action for axial-vector fields com-
ing from eq. (21), once the expression in eq. (13) is used.
Notice that the boundary term in (22) affecting the pion
is no longer present. Its cancellation, leaving the expres-
sion above for the pion form factor, is a consistency check
that the anomaly in our model is correctly implemented.
The presence of a boundary term would be in conflict,
e.g., with the asymptotic behavior of the form factor at
large photon virtualities.
By matching (29) to the holographic expression above,
one finds
Fpiγγ(Q
2
1, Q
2
2) =
2c
fpi
∫ z0
0
dz α′(z) v(z,Q1)v(z,Q2) . (31)
The expression above depends on the three parameters of
the model, which can be traded for c, z0 and fpi. However,
as opposed to other hadronic models, in our approach the
functional form of Fpiγγ is completely fixed, so eq. (31) is
actually a consistency check of the model.
In the zero-momentum limit, Fpiγγ is determined by
the chiral anomaly. Using that v(z, 0) = 1, the integral
above is given by the boundary values for α(z). From
eq. (16) one then obtains the well-known result
Fpiγγ(0, 0) = − Nc
12π2fpi
, (32)
which confirms that the model has the chiral anomaly
correctly implemented.
At very high energies, for large and equal photon mo-
menta, one can expand eq. (31) to find
lim
Q2→∞
Fpiγγ(Q
2, Q2) = − 2fpi
3Q2
+O (e−Qz0) , (33)
which matches the OPE prediction. When one photon
is on-shell and the other far off-shell, one expects the
Brodsky-Lepage Q−2 scaling. We indeed find
lim
Q2→∞
Fpiγγ(0, Q
2) = −2fpi
Q2
+O (e−Qz0) . (34)
Eq. (31) therefore has the correct high- and low-energy
behavior. Notice, however that only the leading term in
the OPE is correctly reproduced by the model, with all
subleading pieces identically vanishing. This is a conse-
quence of the conformal symmetry of the AdS metric.
The electromagnetic four-point function defined in
eq. (19) can now be obtained by taking the variation
of eq. (28) with respect to the boundary values of the
(transverse) vector fields. Using eq. (31), one obtains
Πµνλρ(q1, q2, q3, q4) = εµναβελρα′β′
[
2c2
λ
∫
dz
∫
dz′T β12(z)G
αα′
A (z, z
′; s)T β
′
34 (z
′) + Fpiγγ(q1, q2)
qα1 q
β
2 q
α′
3 q
β′
4
s−m2pi
Fpiγγ(q3, q4)
]
+ εµναα′ελρββ′
[
2c2
λ
∫
dz
∫
dz′T β13(z)G
αα′
A (z, z
′; t)T β
′
24 (z
′) + Fpiγγ(q1, q3)
qα1 q
β
2 q
α′
3 q
β′
4
t−m2pi
Fpiγγ(q2, q4)
]
+ εµναβ′ελρβα′
[
2c2
λ
∫
dz
∫
dz′T β14(z)G
αα′
A (z, z
′;u)T β
′
23 (z
′) + Fpiγγ(q1, q4)
qα1 q
β
2 q
α′
3 q
β′
4
u−m2pi
Fpiγγ(q2, q3)
]
,
(35)
7where s = (q1+q2)
2, t = (q1−q3)2 and u = (q1−q4)2 and
we have used the shorthand notation vi(z) ≡ v(z,Qi).
The tensors T µij are defined as
T µij(z) =
[
qµi vi(z)∂zvj(z)− qµj vj(z)∂zvi(z)
]
. (36)
The closed expression of eq. (35) for the hadronic light-
by-light tensor is all that is needed for the evaluation
of the contribution to the anomalous magnetic moment.
However, one of the virtues of having a consistent model
with analytical control is that a number of issues can
be examined in detail. This we will do in the following
sections.
IV. LONGITUDINAL PIECE AND
PION-EXCHANGE DOMINANCE
Based on large-Nc arguments and dimensional power
counting, there is agreement that the pion exchange con-
tribution is the dominant piece of the HLbL.
Equation (35) contains, as expected, the pion contribu-
tion to the hadronic light-by-light tensor as the product
of the πγγ form factors connected by a pion propaga-
tor. In turn, the first term on each line accounts for the
contribution of the full tower of axial-vector states.
In order to understand better the structure of the
HLbL tensor, it is convenient to project out its longi-
tudinal and transverse parts, which can be done using
eq. (26).
The longitudinal component, which also contains the
pion contribution, can be expressed in terms of three ten-
sorial structures,
Πµνλρ‖ (qj) =W
‖
12;34T
(1)
µνλρ +W‖13;24T (2)µνλρ +W‖14;23T (3)µνλρ ,
(37)
where
T
(1)
µνλρ = εµναβελρα′β′q
α
1 q
β
2 q
α′
3 q
β′
4 (38)
and the tensors T
(2)
µνλσ and T
(3)
µνλσ are the crossed-
symmetric ones. Defining, as in [20], the crossing opera-
tions C14 = {q1 ↔ q4, µ ↔ σ} and C13 = {q1 ↔ q3, µ ↔
λ}, they are related by
T
(2)
µνλσ = C14 T (1)µνλσ; T (3)µνλσ = C13 T (1)µνλσ . (39)
The longitudinal form factors can be shown to take the
simplified form
W‖12;34(qj ;m2pi) = Fpiγγ(q1, q2)
1
s−m2pi
Fpiγγ(q3, q4)
− 2c
2
λ
∫
dz
∫
dz′v1(z)v2(z)
∂z∂z′G
‖
A(z, z
′)
s
v3(z
′)v4(z
′) ,
(40)
µ− µ−
(a)
µ−µ−
(b)
µ− µ−
(c)
FIG. 3: The three one-pion exchange HLbL diagrams. The
dashed line denotes the pion propagator and the black dots
the Fpiγγ form factors. Photon momenta assignments are the
same as in fig.1, i.e. they point inwards.
with similar expressions for W‖13;24 and W‖14;23. The sec-
ond line above can be easily obtained from the first term
in eq. (35) by using the antisymmetry of the Levi-Civita
tensors and integration by parts.
Using the expression (see Appendix A)
∂z∂z′G
‖
A(z, z
′) =
z20
2
[
α′(z)α′(z′) + α′(z)δ(z − z′)
]
,
(41)
the longitudinal form factor takes the form
W‖12;34(qj ;m2pi) = Fpiγγ(q1, q2)
1
s−m2pi
Fpiγγ(q3, q4)
−
(
2c
fpi
)2
1
s
∫
dzα′(z)v1(z)v2(z)v3(z)v4(z)
− Fpiγγ(q1, q2)1
s
Fpiγγ(q3, q4) , (42)
where we have used that z20 = 8λf
−2
pi and the definition
of the pion transition form factor in eq. (31).
The previous expression shows explicitly that the con-
tribution of the whole tower of axial-vector states con-
sists of a factorizable and a nonfactorizable piece in five
dimensions. In four dimensions, they correspond to a
propagating piece and a contact term, respectively. In
the chiral limit, one can easily check that the axial-vector
propagating piece and the pion contribution cancel each
other and one is left with the contact term. Explicitly,
W‖12;34(qj ;m2pi) = −
(
2c
fpi
)2
1
s
∫
dzα′(z)v1(z)v2(z)v3(z)v4(z)
+ Fpiγγ(q1, q2)
m2pi
s(s−m2pi)
Fpiγγ(q3, q4) . (43)
The structure of this expression, and in particular the
presence of the contact term, is mostly dictated by the
chiral anomaly, as we will show more explicitly in the
next section.
At very low energies (still in the chiral limit) the inte-
gral appearing in the contact term can be easily evalu-
ated. Using that vj(z, 0) = 1 and the explicit expression
for α(z), one finds
lim
s→0
W‖12;34(0;m2pi = 0) =
(
2c
fpi
)2
1
s
≡ F
2
piγγ(0, 0)
s
. (44)
8The result is actually the same that one would have ob-
tained by dropping the axial-vector tower and consider-
ing only the pion exchange contribution. This is of course
not a coincidence. At very low energies only the pion is
a dynamical degree of freedom and it is entirely respon-
sible to fulfill the chiral anomaly. This is the content
of the Wess-Zumino-Witten term in chiral perturbation
theory, which our model also contains, and actually fixes
the value of Fpiγγ(0, 0), as we have already shown. It is
clear that at higher energies anomaly matching requires
the participation of resonance states other than the pion.
However, since no first-principle description of the strong
interactions exists in the intermediate energy regime, it
is not known how this is implemented in detail.
The result in eq. (43) is precisely the way the model
implements the chiral anomaly in a consistent way at all
energy scales. The expression for the resummed axial-
vector contributions and the precise cancellation of the
pion contribution in the chiral limit can be therefore seen
in this light as a sort of sum rule to enforce anomaly
matching at all energies. This interpretation will be re-
inforced in the following section, where we will look into
the chiral anomaly in a more explicit fashion.
V. ANOMALY MATCHING IN THE V V A
CORRELATOR
The best way to uncover the role of the axial anomaly
in the HLbL tensor is to consider the three-point corre-
lator
Γµνλ(q3, q4) = i
∫
d4xd4y e−i(q3·x+q4·y)
× 〈0|T {jemµ (x)jemν (y)j5λ(0)} |0〉 . (45)
This correlator has been studied in great detail in, e.g.,
[45, 46]. In [46] it was shown that, on general grounds,
Γµνλ can be decomposed into four independent tensorial
structures: one longitudinal and three transverse, which
are associated with four different scalar functions.
In the holographic model, the V V A correlator can be
computed from the variation of the effective action in
eq. (22) with respect to the sources. Rewriting the action
in terms of the transverse and longitudinal axial-vector
sources, integrating by parts and using the boundary con-
ditions for the vector and axial-vector fields, the result
is
(S
(3)
CS )
⊥ =
2c
3
εµνλρ
∫
d4x aˆ⊥µ (x)∂ν vˆλ(x)vˆρ(x)[
1 + 3
∫ z0
0
dz a(x, z)v(x, z)v′(x, z)
]
, (46)
(S
(3)
CS )
‖ =
c
3
εµνλρ
∫
d4x
∂αaˆ
‖
α(x)

∂ν vˆλ(x)∂µvˆρ(x)[
1 + 3
∫ z0
0
dz α′(z)v(x, z)v(x, z)
]
, (47)
jemµ j
em
ν
j5λ
Fπγγ
j5λ
jemµ j
em
ν
FIG. 4: Diagrams contributing to the V V A correlator. The
one on the left is the axial-vector contribution, where the blob
contains the nontrivial momentum dependence of eqs. (46)
and (47). The diagram on the right is the pion exchange
contribution.
where the first structure in each equation is a boundary
term, while the second one has a nontrivial profile and
energy dependence. Apart from a local contribution, the
correlator also contains a pion-exchange contribution (see
fig. 4). Explicitly, the pion contribution is generated from
the effective action
S
(pi)
eff =
∫
d4x
[
1
2
∂µπ(x)∂
µπ(x) + fpiaˆ
‖
µ(x)∂
µπ(x)
+
c
fpi
εµνλρπ(x)
∫ z0
0
dz α′(z)∂µVν(x, z)∂λVρ(x, z)
]
,
(48)
where the first line comes entirely from eq. (30) by using
the decomposition of eq. (13).
From the previous terms in the effective action it is
straightforward to obtain the expression for Γµνλ. The
longitudinal part of the correlator yields
Γ
‖
µνλ(q3, q4) = t
‖
µνλ
[
2c
3q23
(
1 + 3
Fpiγγ(q3, q4)
Fpiγγ(0, 0)
)
− 2c
q23 −m2pi
Fpiγγ(q3, q4)
Fpiγγ(0, 0)
]
, (49)
where t
‖
µνλ is the longitudinal tensor
t
‖
µνλ = q3λεµναβq
α
4 q
β
3 , (50)
defined as in [46].
The transverse part is less straightforward to obtain.
The reason is that the model we are using necessarily
describes the consistent anomaly, which is the only one
that can be derived from an action [47]. However, in the
presence of gauge fields, only the covariant anomaly is
compatible with the Ward identities. This change of pre-
scription can be interpreted as a different definition of
the chronological T product. Therefore, with the effec-
tive action of eq. (22) one is not computing the correlator
defined in eq. (45), but instead
Γˆµνλ(q1, q2) = i
∫
d4xd4y ei(q1·x+q2·y)
9× 〈0|Tˆ {jemµ (x)jemν (y)j5λ(0)} |0〉 , (51)
where Tˆ is associated with the consistent anomaly. In
this prescription, the photon contains both transverse
and longitudinal components. Taking this into account,
one can check that the Ward identities are:
qµ3 Γˆµνλ =
Nc
12π2
εαβνλq
α
4 q
β
3 ,
qν4 Γˆµνλ = −
Nc
12π2
εαβµλq
α
4 q
β
3 ,
(q3 + q4)
λΓˆµνλ = − Nc
12π2
εαβµνq
α
4 q
β
3 , (52)
which are indeed the ones corresponding to the consistent
anomaly.
The relation between both prescriptions involves a
Bardeen-Zumino polynomial of the form [47]
Γµνλ = Γˆµνλ +
Nc
12π2
εµνλα(q1 − q2)α , (53)
such that in the covariant prescription one recovers the
well-known Adler-Bardeen results
qµ3Γµνλ = 0 ,
qν4Γµνλ = 0 ,
(q3 + q4)
λΓµνλ = − Nc
4π2
εαβµνq
α
4 q
β
3 . (54)
In the particular kinematic configuration where q4 and
(q3+q4)
2 go to zero, the four independent tensorial struc-
tures reduce to just two [46, 48],
t
‖
µνλ = q
λ
3 εµναβq
α
4 q
β
3 ,
t⊥µνλ = q
2
3εµνλρq
ρ
4 − qν3εµραβqα4 qβ3
− qλ3 εµναβqα4 qβ3 +O((q3 + q4)2) . (55)
Accordingly, in this limit there are only two independent
kinematic invariants, defined as
Γµνλ(q3, q4) =
1
24π2
[
ωL(q3)t
‖
µνλ + ωT (q3)t
⊥
µνλ
]
. (56)
The longitudinal function ωL is known to be fixed by the
anomaly to
ωL(q3) = −2Nc
q23
. (57)
This result is exact in the chiral limit, and gets cor-
rections only from non-perturbative contributions [45].
ωT instead depends on the dynamics of axial-vector
exchange. Both functions are however linked at very
high energies, where they satisfy the well-known expres-
sion [45]
lim
Q3→∞
[
ωL(Q3)− 2ωT (Q3)
]
= 0 . (58)
It is relatively easy to check that the previous general
QCD results get reproduced with our model. If one con-
siders eq. (49) in the chiral limit, one finds a cancellation
between the pion contribution and the energy-dependent
part of the longitudinal vertex. This is the same cancel-
lation that we already discussed in the previous section.
In the chiral limit, therefore, the longitudinal part is sat-
urated by the boundary term. Notice that this cancella-
tion between the whole tower of axial-vector states and
the pion, which is naturally implemented by the model,
is the only way to have
ωL(q3) ∼ 1
q23
(59)
at all energies. The cancellation of the pion contribution
against a collective effect of the whole axial-vector tower
(in the chiral limit) is thus a sum rule enforced by the
chiral anomaly.
As constructed in eq. (53), the Bardeen-Zumino term
cancels the boundary terms in the transverse part and
brings the longitudinal part to the Adler-Bardeen value.
In this prescription, the predictions for ωL and ωT in
Euclidean space at O(Q24) read
ωL(Q3) =
2Nc
Q23
−
(
2Nc
Q23
− 2Nc
Q23 +m
2
pi
)
Fpiγγ(Q3, 0)
Fpiγγ(0, 0)
,
ωT (Q3) = −2Nc
Q23
∫ z0
0
dza(z,Q3)v
′
3(z,Q3) . (60)
The integral in ωT can actually be solved analytically
and its expression considerably simplified. In order to do
so, it is convenient to rewrite [49]
a(z, q3)v
′
3(z, q3) =
1
2
∂z
[
a(z, q3)v3(z, q3)
]
+
1
2
[
a(z, q3)v
′
3(z, q3)− a′(z, q3)v3(z, q3)
]
. (61)
The first piece is a boundary term while the second one
can be shown to be linear in z (see eq. (A8)). The re-
sult for both form factors can therefore be written in the
rather compact form:
ωL(Q3) =
2Nc
Q23
[
1− m
2
pi
Q23 +m
2
pi
Fpiγγ(Q3, 0)
Fpiγγ(0, 0)
]
+O(Q24) ,
ωT (Q3) =
Nc
Q23
− Nc
2
z20(ξ0 + ξ1) +O(Q24) . (62)
As expected, in the chiral limit the pion contribution gets
cancelled by part of the axial-vector one such that ωL is
structureless, as already noticed before. Corrections to
this expression are proportional to the pion mass and
are therefore of non-perturbative nature, in compliance
with QCD. We stress that this is a consistency check that
the anomaly is correctly implemented in the model. The
study of the V V A correlator thus reveals that the non-
factorizable piece in the longitudinal part of the HLbL
tensor that we observed in the previous Section has the
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FIG. 5: Comparison between our predictions for ωL,T (Q
2)
(blue lines) and the ones from ref. [15] (orange lines). The
vertical axis is in units of GeV−2.
same origin as the contact term in the VVA correlator
that reproduces the Adler-Bardeen result for the chiral
anomaly.
Expanding the previous expressions for large momenta,
one finds
lim
Q3→∞
ωL(Q3) =
2Nc
Q23
+O
(
m2pi
Q63
, Q24
)
,
lim
Q3→∞
ωT (Q3) =
Nc
Q23
+O(e−Q3z0 , Q24) , (63)
which implies that
lim
Q3→∞
[
ωL(Q3)− 2ωT (Q3)
]
∼ O
(
m2pi
Q63
, Q24
)
. (64)
This scaling is consistent with the OPE. However, as
already emphasized, conformal symmetry in the five-
dimensional model ensures that the OPE relations will be
satisfied to leading order, but the effects of OPE conden-
sates will in general be missed. Therefore, the expression
above has the value of a consistency check rather than a
prediction.
Another important observation is that the pion contri-
bution at low energies happens to be
lim
qˆ→0
ω
(pi)
L (q3) = −
2Nc
q23
, (65)
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FIG. 6: Q2ωL,T (Q
2) for both our model and the one of
ref. [15]. The asymptotic limit agrees in all cases with the
OPE results.
and one would be tempted to conclude that the pion sat-
urates the anomaly at low energies. This interpretation is
not wrong but it is misleading: in the mpi → 0 limit, the
pion and the dynamical axial-vector contribution can-
cel analytically at all energies. Based on the previous
derivation, one is forced to conclude that the pion does
not saturate ωL, although it is fundamental to make sure
that the result is consistent with the anomaly.
The form of the chiral corrections to both form factors
and its behavior at intermediate energies are not known
from first principles and are therefore a prediction of the
model. At low energies both form factors go to a con-
stant, namely
lim
Q3→0
ωL(Q3) =
2Nc
m2pi
(1 + api) +O(Q23, Q24) ,
lim
Q3→0
ωT (Q3) =
3Nc
8
z20 +O(Q23, Q24) , (66)
where api is the slope of Fpiγγ at zero momentum (see
eq. (90)). The predictions of the present model can be
compared, for instance, with the expressions used in [15]:
[
ωL(Q3)
]MV
=
2Nc
Q23 +m
2
pi
,
11
[
ωT (Q3)
]MV
=
Nc
m2a1 −m2ρ
[
m2a1 −m2pi
Q23 +m
2
ρ
− m
2
ρ −m2pi
Q23 +m
2
a1
]
.
(67)
The results are illustrated in figs. 5 and 6, where one can
see that the main difference between both models mostly
affect ωT .
VI. THE MELNIKOV-VAINSHTEIN LIMIT
The closed expression that we obtained for the light-
by-light tensor in eq. (35) can be extrapolated to large
Euclidean momenta and compared with the different
short-distance constraints derived from the OPE of QCD.
This is a necessary consistency check before the numer-
ical analysis of the next section. The more constraints
the expression satisfies, the more reliable the predictions
will be. Conversely, if a constraint is not satisfied, one
can estimate its impact by comparing with models that
do implement it.
Relevant for the evaluation of the (g−2)µ are the limits
when q24 = 0. A non-trivial check is to find out how
the HLbL behaves when all virtual photons have large
momenta, Q21 = Q
2
2 = Q
2
3 ≡ Q2 ≫ Λ2QCD. For the
longitudinal component of the HLbL tensor, the quark
loop diagram in QCD gives [15]
W‖12;34 = −
4
9π2Q4
∼ − 0.44
π2Q4
. (68)
One can find the corresponding expression in the model
by applying the high-energy limit to eq. (42). The first
thing to note is that this limit cannot be fulfilled by the
pion contribution, which falls off like Q−6. The relevant
piece comes instead from the axial-vector tower, from
which one obtains
W‖12;34 = −
Nc
3π2Q4
∫ ∞
0
x4K1(x)
3 dx ∼ − 0.36
π2Q4
. (69)
Numerically, this amounts to 80% of the OPE coefficient.
This deficit is not necessarily a mismatch, given that
other hadronic contributions to the HLbL not included in
our model (e.g. pseudoscalar mesons) are also expected
to contribute to the quark loop matching.
Particularly interesting are the limits where only two
photons have large virtualities. Without loss of general-
ity one can consider Q21 ≃ Q22 ≫ Q23 ≫ Λ2QCD, with the
remaining two possibilities generated by crossing symme-
try. In the context of the (g− 2)µ, these limits were first
explored in [15], where the relation with the anomaly was
emphasized.
The key object to study this limit is the product of two
electromagnetic currents:
Wµν(q1, q2) =
∫
d4x
∫
d4y ei(q1·x+q2·y)T
{
jµem(x), j
ν
em(y)
}
(70)
in the kinematical limit
Q1 = ξQ− Q3
2
; Q2 = −ξQ− Q3
2
, (71)
where ξ is large and all momenta are space-like. In this
limit, the OPE gives
lim
ξ→∞
Wµν
(
ξQ − Q3
2
,−ξQ− Q3
2
)
=
1
ξ
2i
Q2
ǫµνλρQλ
×
∑
a
dˆaγγ
∫
d4ze−iq3·zj
(a)
5ρ (z) , (72)
with j
(a)
5ρ (z) = q¯Qˆ
2γργ5q. This limit shows that a number
of the short-distance constraints relevant for the evalu-
ation of the HLbL are actually determined by the axial
anomaly through the VVA correlator discussed in the
previous Section.
Within the model, it is rather straightforward to check
that, when the limit Q21 ≃ Q22 ≫ Q23 ≫ Λ2QCD is taken,
the leading term comes from the first line of eq. (35),
i.e. from figs. (2.a) and (2.b). The crossed diagrams are
subleading, as expected.
The pion contribution can be computed using the
asymptotic expression in eq. (33), from which one con-
cludes that it falls off with higher powers of Q2 than the
previous OPE demands. The contribution of the axial-
vector tower is the relevant piece. For its evaluation it is
convenient to consider the integral
Jσαβ(z, q1, q2) =
∫
dz′GαβA (z, z
′; s)T σ12 (z
′) . (73)
In order to separately analyze the longitudinal and trans-
verse components, we will define
Jσαβ(z, q1, q2) = P
αβ
⊥ (q3)J
σ
⊥(z, q1, q2) + P
αβ
‖ (q3)J
σ
‖ (z, q1, q2) .
(74)
In the limit Q≫ Q3, one can easily show that
Jσ⊥(z,Q,Q3) = −
2Qσ
Q2
a(z,Q3)
[
1
3
+
1
5
(
Q3
Q
)2
+ · · ·
]
,
(75)
while
Jσ‖ (z,Q) = −
2Qσ
3Q2
α(z) . (76)
The fact that the longitudinal piece is exact to all orders
in Q3 is the manifestation of the chiral anomaly, as we
will show below.
For the soft momenta, using that
lim
q→0
v(z, q) = 1 +O(q2)f(z) , (77)
one easily concludes that
lim
q4→0
T µ34(z) = −qµ4 ∂zv3(z) +O(q24) . (78)
Plugging the previous expressions back into the HLbL
tensor, one finds
12
Πµνλρ(Q,Q3) = εµναβελρα′β′q
β′
4
[
−2c
2
λ
∫
dzv′3(z)
[
Pαα
′
⊥ J
β
⊥(z,Q,Q3) + P
αα′
‖ J
β
‖ (z,Q,Q3)
]
+
2
3
fpi
Q2
qα1 q
β
2 q
α′
3
Q23 +m
2
pi
Fpiγγ(Q3, 0)
]
= εµναβελρα′β′q
β′
4 Q
βQ
2
3
Q2
1
36π2
[
Pαα
′
⊥ ωT + P
αα′
‖ ωL
]
, (79)
where in the second line we have identified ωL and ωT
using their expressions in eqs. (60). The previous expres-
sion shows explicitly the cancellation between the pion
and longitudinal axial-vector contributions that we have
observed before it is associated with the right expression
for ωL or, analogously, the correct implementation of the
chiral anomaly. Notice that the pion contribution alone,
i.e.
ω
(pi)
L (Q3) ∼
2Nc
Q23 +m
2
pi
Fpiγγ(Q3, 0) , (80)
is clearly incompatible with ω ∼ Q−23 in the chiral limit.
The problem is the structure of the form factor, which
depends on Q3. For this same reason, it is clear that
no single particle exchange can saturate ωL. In order
to satisfy the constraint, an infinite number of (axial-
vector) particles is needed. This is precisely what the
contact term is indicating.
We note that the mechanism to saturate the MV con-
straint with the whole tower of axial-vector states found
above follows from imposing the correct implementation
of the chiral anomaly. It is therefore not a peculiar fea-
ture of our model but a rather generic one. In the next
Section we will show that this has a substantial impact
on the HLbL, thus confirming the numerical importance
of the MV constraint.
VII. NUMERICAL ANALYSIS
In eq. (35) we already wrote down the electromagnetic
HLbL tensor in a closed form within our model. In order
to perform our numerical analysis and be able to com-
pare with other studies, we will employ standard model-
independent techniques.
Quite generically, the HLbL tensor can be expanded
as a sum over gauge invariant Lorentz tensor structures.
Out of the 138 structures [50], once Ward identities are
imposed, one ends up with 43 kinematic structures. Here
we will adopt the formalism introduced in [20], which
builds on previous works [51, 52], where the number of
kinematical structures is extended to ensure that they
are free of poles and zeros. We will therefore write
Πµνλσ(q1, q2, q3) =
54∑
i=1
T µνλσi Πi(q
2
1 , q
2
2 , q
2
3) , (81)
where the definitions of the tensors T µνλσi can be found
in [20].
Using projection techniques, the two-loop diagram of
fig. 1 can be related to the muon anomalous magnetic
moment as follows:
aHLbLµ = −
e6
48mµ
∫
d4q1
(2π)4
d4q2
(2π)4
1
q21q
2
2(q1 + q2)
2
1
(p+ q1)2 −m2µ
1
(p− q2)2 −m2µ
× Tr
(
(/p+mµ)[γ
ρ, γσ](/p+mµ)γ
µ(/p+ /q1 +mµ)γ
λ(/p− /q2 +mµ)γν
) ( ∂
∂qρ4
Πµνλσ(q1, q2,−q4 − q1 − q2)
) ∣∣∣∣
q4=0
,
(82)
where p is the muon momentum. Due to the projection
above, only 19 independent linear combinations of the
54 T µνρλi contribute to a
HLbL
µ [50]. Furthermore, due to
the symmetries of the two-loop integral, one needs to
evaluate eventually only 12 different integrals containing
12 scalar coefficients Π¯i(q1, q2, q3).
Following the general analysis outlined in [14, 20], one
can perform five out of the eight integrals above using
Gegenbauer polynomials, regardless of the specific form
of Π¯i. The resulting master formula contains then only
three integrals and, in terms of Euclidean momenta, takes
the form:
aHLbLµ =
2α3
3π2
∫ ∞
0
dQ1
∫ ∞
0
dQ2
∫ 1
−1
dτ
√
1− τ2Q31Q32
×
12∑
i=1
T¯i(Q1, Q2, τ)Π¯i(Q1, Q2, τ) , (83)
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where Q1 and Q2 are the radial components of the mo-
menta. The hadronic scalar functions Π¯i are evaluated
for the reduced kinematics
(q21 , q
2
2 , q
2
3 , q
2
4) = (−Q21,−Q22,−Q21 − 2Q1Q2τ −Q22, 0) .
(84)
The complete list of the integral kernels T¯i(Q1, Q2, τ) can
be found in Appendix B of [53].
A. Longitudinal contributions
Given our previous discussion, it is convenient to split
the contributions in longitudinal and transverse parts.
One can check that the longitudinal contribution is de-
scribed by the first two structures in eq. (83). They cor-
respond to eq. (37), i.e.
Πµνλρ‖ (qj) =W
‖
12;34T
(1)
µνλρ +W‖13;24T (2)µνλρ +W‖14;23T (3)µνλρ ,
(85)
where
T
(1)
µνλρ = εµναβελρα′β′q
α
1 q
β
2 q
α′
3 q
β′
4 , (86)
and similarly for the crossed-symmetric T
(2)
µνλσ and T
(3)
µνλσ.
The scalar invariants were simplified in Sec. IV to the
form
W‖12;34(qj ;m2pi) = Fpiγγ(q1, q2)
1
s−m2pi
Fpiγγ(q3, q4)
−
(
2c
fpi
)2
1
s
∫
dzα′(z)v1(z)v2(z)v3(z)v4(z)
− Fpiγγ(q1, q2)1
s
Fpiγγ(q3, q4) , (87)
where the first line accounts for the pion contribution
and the remaining two are the resummation of the whole
axial-vector tower.
In Sec. IV we showed that our model generates a pion
transition form factor which has the correct intercept at
zero momentum and the right scaling when one or the
two photons have large momenta, namely
Fpiγγ(0, 0) = − Nc
12π2fpi
,
lim
Q2→∞
Fpiγγ(Q
2, Q2) = − 2fpi
3Q2
,
lim
Q2→∞
Fpiγγ(0, Q
2) = −2fpi
Q2
. (88)
However, in Sec. II we also emphasized that our model
predicts
mρ
fpi
= γ0,1
√
6
Nc
π ∼ 10.7 , (89)
which is a factor 2 bigger than the experimental number.
This is a well-known shortcoming of the present model,
which can be amended with more sophisticated versions
of it. Such sophistications are beyond the scope of the
present paper. In the following we will make two choices
for the parameters c, λ and z0, which emphasize different
energy regimes in the HLbL. This will be used as an
estimate of the uncertainty in our determination of aµ.
Since the longitudinal contribution to HLbL is the
dominant one, and in particular the pion form factor
plays a prominent role, a reasonable criterium is to
choose the parameters such that agreement with Fpiγγ
is achieved. Based on eqs. (88), fixing Nc and fpi to the
physical values thus seems to be the reasonable choice,
at the price of overshooting mρ.
However, experimental information exists also for the
slope of the form factor at low momentum, defined as
lim
Q→0
Fpiγγ(Q, 0) = − Nc
12π2fpi
[
1− api Q
2
m2pi
+ · · ·
]
. (90)
Using the low-energy expansion for v(z,Q),
v(z,Q) = 1−Q2
[
1− 2 log z
z0
]
z2
4
+ · · · , (91)
one readily finds [39, 40, 54]
api = −m2pi
∫ z0
0
dzα′(z)
[
1− 2 log z
z0
]
z2
4
= 0.033 , (92)
which is in excellent agreement with the current world
average, (api)exp = 0.0335(31), if one fixes z0 to match the
physical mρ. Instead, the result is grossly undershooted
if one fixes z0 with fpi.
In the following, we will thus consider the following
choices of parameters:
fpi
Nc
= 31MeV; mρ = 776MeV , (Set 1)
fpi = 93MeV; Nc = 3 . (Set 2)
(93)
Additionally, we will take as input
αem =
1
137.036
; mµ = 105.7MeV; mpi = 135MeV .
(94)
The first choice of parameters ensures the right behavior
of Fpiγγ at low energies (intercept and slope). An addi-
tional perk of fixing mρ to its physical value is that the
axial-vector multiplet masses fall into the right ballpark
(see eq. (18)). At high energies, it still correctly repro-
duces the Q2 fall-off behavior, yet it fails to pin down
the right coefficients. The second choice of parameters
matches the expected short-distance behavior but gives
a poor determination of mρ and the Fpiγγ slope.
Given the form of the kernels in the expression for aµ,
which are peaked in the low-GeV regime, one would be
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FIG. 7: Fpiγγ with one virtual photon. The horizontal line is
the asymptotic Brodsky-Lepage limit for large Q2. The lower
dashed line is generated with the parameters of Set 1, while
the upper dashed line is done with Set 2. For reference, the
continuous line corresponds to the lattice result of Ref. [55],
with the corresponding error bands.
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FIG. 8: Fpiγγ when both photons have the same virtuality.
The horizontal line is the OPE value given in eq. (33). Con-
ventions are the same as in fig. 7.
tempted to prioritize the low-energy regime. However,
this depends on how fast the asymptotic regime sets in.
In figs. 7 and 8 we compare the predictions for the pion
form factor with one virtual photon and with both pho-
tons virtual and with equal momenta, respectively, using
both sets of parameters in eq. (93). The lattice result
of [55] is also included for comparison. Both parameter
sets give predictions that are within the experimental er-
rors (not shown in the plot) for the singly-virtual photon
case, so there is a priori no reason to prefer one set of
parameters over the other. Having the right slope is im-
portant, but since the aµ measures an integral involving
the form factor, global aspects are also important. In the
following, we will report our numbers for both sets. Our
final number will be the average of them.
For the pion contribution we find
a(pi)µ = (5.7− 7.5) · 10−10 , (95)
where the left and right numbers stand for the Set 1
and Set 2 predictions. This is in excellent agreement
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FIG. 9: The chiral extrapolation of the isovector component
of aLµ . The upper and lower dashed lines correspond to the
predictions with Set 2 and Set 1, respectively.
with previous determinations, e.g.
a(pi)µ = 5.7(0.3) · 10−10 , [13, 56]
a(pi)µ = 5.9(0.9) · 10−10 , [9, 57]
a(pi)µ = 5.8(1.0) · 10−10 , [14, 58]
a(pi)µ = 6.8(0.3) · 10−10 , [59]
a(pi)µ = 6.3(0.3) · 10−10 . [60] (96)
In turn, the axial-vector contribution to the longitudi-
nal part coming from the isovector a1 and its excitations
reads
a(a1)µ = 0.4 · 10−10 . (97)
for both sets of parameters. The final result for the lon-
gitudinal piece in the isovector channel therefore reads
aLµ = (5.7 + 13.5− 13.1) · 10−10 = 6.1 · 10−10 , (Set1)
aLµ = (7.5 + 16.6− 16.2) · 10−10 = 7.9 · 10−10 , (Set2)
(98)
where the different contributions are ordered as in
eq. (87). The second number is the contribution of the
contact term, which corresponds to the value for aLµ in
the chiral limit. Notice that the axial-vector contribution
is the result of a large numerical cancellation between the
second and third terms. The result above also shows that
the chiral corrections to aLµ amount to a 50% decrease of
its value (see fig. 9).
The contributions of the isoscalar pseudoscalars will be
estimated by simply using the physical values for masses
and decay constants,
fη = 93MeV; fη′ = 74MeV , (99)
mη = 548MeV; mη′ = 958MeV . (100)
These numbers are not the ones predicted by the model,
which has an exactly massless Goldstone nonet with a
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common decay constant. The introduction of masses
can be argued exactly as we did with the pion: their
effects are limited to the pseudoscalar propagators with-
out affecting the dynamics of the model. From the five-
dimensional perspective, this can be achieved with the
introduction of flavour-dependent boundary terms. For
our purposes, we will simply add the different masses by
hand. Breaking the degeneracy of the decay constants
to fit the experimental values for the η and η′ can also
be done as long as one consistently correlates it with the
corresponding isoscalar axial-vector channel, such that
the sum rules that preserve anomaly matching remain in
place. In practice, this can be done by modifying the
parameter sets to
fη′
Nc
= 24.7MeV; mρ = 776MeV , (Set 1)
fη′ = 74MeV; Nc = 3 , (Set 2)
(101)
for the η′ and axial-vector f∗1 (1420) tower, and similarly
for the η and axial-vector f1(1285) tower.
Our results are
a(η)µ = (1.4− 2.1) · 10−10; a(η
′)
µ = (1.0− 1.6) · 10−10 ,
a(f1)µ = 0.4 · 10−10; a(f
∗
1
)
µ = 0.6 · 10−10 .
(102)
Regarding the pseudoscalars, the numbers are compa-
rable with the ones quoted in the literature, e.g.,
a(η)µ = 1.3(0.1) · 10−10; a(η
′)
µ = 1.2(0.1) · 10−10 , [14]
(103)
and the more recent determinations in [61, 62]. Adding
all the contributions up, our final number for the longitu-
dinal contribution of axial vectors and Goldstone modes
is
aLµ = (9.6− 12.6) · 10−10 . (104)
B. Transverse contributions
The transverse terms of the HLbL tensor collect the
remaining part of the axial-vector contributions. They
represent only a small correction to the HLbL value, but
they are considerably harder to work out. Explicitly, they
follow from
aHLbLµ =
2α3
3π2
∫ ∞
0
dQ1
∫ ∞
0
dQ2
∫ 1
−1
dτ
√
1− τ2Q31Q32
×
12∑
i=3
T¯i(Q1, Q2, τ)Π¯i(Q1, Q2, τ) , (105)
with the first two scalar factors, which are the longitu-
dinal contributions, subtracted. The expressions for the
scalar functions in our model are given in Appendix C.
Set 1 Set 2
aPSµ (pi
0 + η + η′) 8.1 (5.7+1.4+1.0) 11.2 (7.5+2.1+1.6)
a
AL
µ (a1 + f1 + f
∗
1 ) 1.4 (0.4+0.4+0.6) 1.4 (0.4+0.4+0.6)
aLµ(a
PS
µ + a
AL
µ ) 9.6 12.6
aTµ (a1 + f1 + f
∗
1 ) 1.4 (0.4+0.4+0.6) 1.4 (0.4+0.4+0.6)
aµ 11.0 14.0
TABLE I: Results for the longitudinal and transverse contri-
butions to aHLbLµ × 10
10 for the set of values described in the
text. In parenthesis, the separate contributions to each entry.
The labels for the axial vectors are understood to take into
account not just the lowest-lying states, but also the whole
tower of excitations.
The final values one obtains for the whole towers of
isovector and isoscalar axial-vector states is
aTµ = 1.4 · 10−10 (106)
for both sets of parameters. As discussed in the previ-
ous Section, care has to be taken to use the right input
parameters for each flavor.
C. General discussion
Averaging out the results from the two sets of param-
eters and using the spread as an estimate of the uncer-
tainty, our final number for the contribution of Goldstone
modes and axial-vector states is
a(AV+PS)µ = 12.5(1.5) · 10−10 . (107)
The breakdown of the different contributions to this num-
ber is collected in Table I. Our analysis shows that, since
the axial-vector contribution is mostly constrained by the
anomaly, the associated uncertainty happens to be small.
The bulk of the uncertainty of our number comes in-
stead from the Goldstone contribution, which can only
be improved with better experimental data. However,
this does not mean that our uncertainty on the axial-
vector contribution is realistic. As already shown in [15],
the splitting of axial-vector masses inside the multiplet
(something that our model cannot reproduce) can have
a sizeable effect. This effect cannot be estimated within
our model, but the observation recommends to increase
the axial-vector uncertainty.
Our result can be compared with previous literature
on the same contributions, e.g.
a(AV+PS)µ = 13.6(1.5) · 10−10 , [15] (108)
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a(AV+PS)µ = 12.9(2.7) · 10−10 , [63] (109)
a(AV+PS)µ = 12.1(2.1) · 10−10 , [4] (110)
a(AV+PS)µ = 11.0(0.6) · 10−10 , [41] (111)
showing agreement.
One might wonder whether the comparison above
with [4, 15, 63] makes sense. After all, the numbers found
there were not obtained by resumming an infinite num-
ber of states, as we did in this work. However, those ap-
proaches obey the same short-distance constraints, which
means that the numbers above are effectively accounting
for the same effects.
A different issue is how the results have to be inter-
preted. In particular, care has to be exercised when
analyzing the relative weight of pseudoscalars and axial
vectors in the numbers above. As we already discussed,
our model shows that the MV limit is saturated by the
longitudinal part of the axial-vector states. In the ref-
erences quoted above, it was instead assumed (implicitly
or explicitly) that pseudoscalars were saturating the con-
straint.
In view of these differences, a more meaningful exercise
would be to compare the longitudinal and transverse con-
tributions of each determination separately. One would
then find
aLµ = 11.1(1.5) · 10−10 , (112)
to be compared with
a(PS)µ = 11.4(1.0) · 10−10 , [15]
a(PS)µ = 11.4(1.3) · 10−10 , [63]
a(PS)µ = 9.9(1.6) · 10−10 , [4] (113)
and
aTµ = 1.4(0.2) · 10−10 , (114)
to be compared with
a(AV)µ = 2.2(0.5) · 10−10 , [15]
a(AV)µ = 1.5(1.0) · 10−10 , [63]
a(AV)µ = 2.2(0.5) · 10−10 . [4] (115)
The results show that the overall agreement carries over
to the separate longitudinal and transverse contributions.
However, when it comes to the separate particle contri-
butions, we find
a(PS)µ = 9.6(1.6) · 10−10 ; a(AV)µ = 2.8(0.2) · 10−10 .
(116)
In other words, we find that the relative weight of axial
vectors is substantially bigger than previously claimed
in the literature. The same conclusion was also reached
in [41]. This does not mean that previous analyses should
increase their estimate for axial vectors, as long as the
MV constraint is satisfied. However, it shows that anal-
yses of the lowest-lying axial-vector contributions [64–
66] are grossly underestimating the axial-vector contri-
bution.
A more detailed analysis of the longitudinal piece
shows that, despite the numerical agreement with [15],
the relative increase in aLµ associated to states other than
the Goldstone modes is more modest in our case, roughly
a 14%. Given that we satisfy the same short-distance
constraints as [15], this difference has to have the origin
in a different kinematic regime. In [22, 23] the impact of
the MV constraint on the HLbL was estimated using a
model with an infinite tower of pseudoscalars. A smaller
number than the one in [15] was also found, with the dis-
crepancy identified by differences at low energies. Based
on our discussion above, we have good reasons to believe
that massive pseudoscalars do not play a role in fulfilling
the MV constraint. Actually, some of the conceptual dif-
ficulties acknowledged in [23] are absent if axial vectors
are considered. It is nevertheless instructive to compare
their numerical results with ours. The comparison has to
be made between our longitudinal axial-vector contribu-
tion and what [22, 23] define as their short-distance con-
tribution. The reason is that the model used in [22, 23]
can be taken simply as an interpolator between low and
high energies, such that it effectively captures the same
effects we have studied. With these caveats, we find good
numerical agreement with them.
VIII. CONCLUSIONS
The evaluation of the hadronic light-by-light contribu-
tion to the muon (g−2) contains a number of conceptual
issues which are hard to address using the approaches em-
ployed to date. For instance, a consistent phenomenolog-
ical implementation of the so-called Melnikov-Vainshtein
limit has turned out to be particularly challenging. The
underlying problem is how to match OPE constraints
with resonance exchanges, which happens to be highly
nontrivial for the muon HLbL.
A framework suitable to study these issues should be
able to evaluate hadronic effects from a Lagrangian for-
malism while being able to reproduce the right high-
energy limits of QCD correlators. In other words, one
would need a consistent realization of hadronic physics
at the level of correlators.
This can be done if one starts from a Lagrangian for-
mulation in five dimensions and integrates out the fifth
dimension. The spectrum of the resulting effective four-
dimensional action contains an infinite number of reso-
nances, with the quantum numbers of the fields intro-
duced in the initial Lagrangian. In this paper we have
chosen a minimal version of such constructions. The re-
sulting four-dimensional effective action has a number
of interesting features: (a) it is a theory of Goldstone
modes consistently coupled to full towers of vector and
axial-vector resonances; (b) the anomaly is consistently
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implemented at the hadronic level, i.e. at all energies; (c)
the high-energy limit of correlators matches the pQCD
predictions, such that quark-hadron duality is correctly
implemented; and (d) it generates a phenomenologically
successful pion transition form factor.
With this toy model we have evaluated the contribu-
tions of pseudoscalar and axial-vector resonances to the
HLbL four-point electromagnetic correlator in an inclu-
sive way. We have thereby clarified why the phenomeno-
logical implementation of the Melnikov-Vainshtein limit
at the hadronic level was elusive: the limit results from
a collective effect of axial-vector resonances, and accord-
ingly cannot be reproduced with a finite number of states.
Similar conclusions were recently drawn in [41]. We have
also explicitly shown how the sum rule that enforces the
Melnikov-Vainshtein limit is the same that implements
the anomaly in the V V A triangle through a nontrivial
interplay (a sum rule driven by anomaly matching) be-
tween pseudoscalars and the whole tower of axial vectors.
Our final number for the joint Goldstone and axial-
vector contributions is
aHLbL,(PS+AV)µ = 12.5(1.5) · 10−10 , (117)
where the uncertainty is simply orientative.
This number agrees with previous estimates of the
same contributions that took the MV constraint into
account, but there are some important points to note.
First, we claim a much bigger role for the axial-vector
contribution, part of whose numerical impact has been
commonly ascribed to excited pseudoscalar contributions
in previous analyses. Second, for the relative weight that
can be associated with the MV constraint compared to
the Goldstone contribution we find roughly a 14%, which
corresponds entirely to the longitudinal axial-vector con-
tribution. This relative contribution is smaller than the
one claimed in [15] and comparable to the recent esti-
mates in [23, 41].
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Appendix A: Bulk-to-boundary propagators and
Green functions
In order to apply the AdS/CFT prescription, it is con-
venient to split the fields in terms of the four-dimensional
sources. For our purposes, this can be written as
Aµ(q, z) ≡ a(q, z)aˆ⊥µ (q) + a¯(q, z)aˆ‖µ(q) + α(z)iqµ
π
fpi
,
Vµ(q, z) ≡ v(q, z)vˆ⊥µ (q) , (A1)
where q is a four-dimensional momentum. The leading-
order solutions for the functions v(z, q), a(z, q), a¯(z, q)
are called the bulk-to-boundary propagators, which are
determined from the solutions of the linearized equations
of motion in five dimensions:[
∂z
(
1
z
∂z
)
ηµν +
q2
z
P⊥µν
]
v(z, q) = 0 ,[
∂z
(
1
z
∂z
)
ηµν +
q2
z
P⊥µν
]
a(z, q) = 0 ,[
∂z
(
1
z
∂z
)
ηµν
]
a¯(z, q) = 0 , (A2)
stemming from the quadratic part of the Yang-Mills
term.
The solutions for the transverse components can be
determined once the boundary conditions are specified.
Due to the previous factorization, at z = 0 the mode
functions get normalized to unity, v(0, q) = a(0, q) =
a¯(z, q) = 1. At z = z0 chiral symmetry breaking is en-
forced with (see the discussion in the main text)
∂zv(z0, q) = 0 , a(z0, q) = 0 = a¯(z0, q) . (A3)
For the evaluation of the different quantities we will
mostly work in Euclidean space. The solutions in that
case can be written in terms of modified Bessel functions
as
v(z,Q) = Qz
[
K1(Qz) + ξ0I1(Qz)
]
, (A4)
a(z,Q) = Qz
[
K1(Qz)− ξ1I1(Qz)
]
, (A5)
with
ξ0 =
K0(Qz0)
I0(Qz0)
; ξ1 =
K1(Qz0)
I1(Qz0)
. (A6)
The solution for the axial-vector longitudinal component
can be found by taking the Q→ 0 limit of eq. (A5). The
result is
a¯(z, q) = a(z, 0) = 1− z
2
z20
≡ α(z) . (A7)
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The following identity:
v′(z,Q)a(z,Q)− v(z,Q)a′(z,Q) = zQ2(ξ0 + ξ1) ,
(A8)
follows from the properties of the Wronskian of (A2). It
is convenient to rewrite it in the form
v′(z,Q)a(z,Q)− v(z,Q)a′(z,Q) = −z
2
0Q
2
2
α′(z)(ξ0 + ξ1) ,
(A9)
which is used in the main text to simplify a number of
expressions.
The Green function for the axial-vector channel can be
determined from the equations[
∂z
(
1
z
∂z
)
+
q2
z
]
GA⊥(z, z
′; q) = δ(z − z′) ,[
∂z
(
1
z
∂z
)]
GA‖ (z, z
′; q) = δ(z − z′) , (A10)
where we have decompose it in terms of its longitudinal
and transverse projectors, i.e.,
GAµν(z, z
′; q) = P⊥µνG
A
⊥(z, z
′; q) + P ‖µνG
A
‖ (z, z
′; q) .
(A11)
It satisfies the boundary conditions
GAµν(0, z
′; q) = 0 , GAµν(z0, z
′; q) = 0 , (A12)
and the following continuity conditions at z = z′:
GAµν(z
′ + ǫ, z′; q) = GAµν(z
′ − ǫ, z′; q) ,
∂zG
A
µν(z
′ + ǫ, z′; q)− ∂zGAµν(z′ − ǫ, z′; q) = z′ . (A13)
Since
Gj‖(z, z
′) = Gj⊥(z, z
′; 0) , (A14)
it suffices to work out the solution of the transverse com-
ponent. In Euclidean space, it is given by
GA⊥(z, z
′;Q) =


− (v(z
′, Q)− a(z′, Q)) a(z,Q)
Q2(ξ0 + ξ1)
, z > z′
−a(z
′, Q) (v(z,Q)− a(z,Q))
Q2(ξ0 + ξ1)
, z < z′ .
(A15)
Using the results of (A4) and (A5), the expression can
be simplified to
GA⊥(z, z
′;Q) = − 1
Q2


Qz′I1(Qz
′)a(z,Q), z > z′
a(z′, Q)QzI1(Qz), z < z
′ .
(A16)
The longitudinal component is obtained as
GLA(z, z
′;Q) = G⊥A(z, z
′; 0) =


− (z
′)2
2
α(z) z > z′
−z
2
2
α(z′) z < z′ .
(A17)
Using the expression (A15) and the relation (A8), one
obtains that
∂z∂z′G
⊥
A(z, z
′, Q) =
z20
2
α′(z)δ(z − z′) + 1
Q2(ξ0 + ξ1)
[
a′(z)a′(z′)− v′(z′)a′(z)θ(z − z′)− v′(z)a′(z′)θ(z′ − z)
]
. (A18)
The longitudinal component is the zero-momentum limit
of the above expression, which leads to
∂z∂z′G
‖
A(z, z
′) =
z20
2
[
α′(z)δ(z − z′) + α′(z)α′(z′)
]
.
(A19)
Appendix B: Axial-vector two-point correlator
The computation of the two-point function
ΠAAµν (q) = i
∫
d4xeiqx˙〈0|T {Jµ(x)Jν(0)} |0〉 (B1)
is a simple example to illustrate the importance of keep-
ing track of sources in order to have consistent expres-
sions for correlators. It will also be used to fix the values
of the free parameters of the model. Our results will be
in the exact chiral limit.
The relevant part of the action to compute the corre-
lator is the quadratic term in axial-vector sources. In the
holographic prescription, this term is given by
Seff = −2λ
∫
d4xAµ(x)
1
z
∂zA
µ(x)
∣∣∣∣
z=0
. (B2)
Plugging eq. (A1) above, one finds contact terms for the
perpendicular and longitudinal axial-vector sources, to-
gether with a vertex connecting the pion to the longitudi-
nal axial-vector source. Notice this important feature of
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the model: while the pion and axial-vector modes are de-
coupled (this determines the form of α(z)), the pion still
couples to the longitudinal axial-vector sources. This just
shows that the model correctly implements PCAC.
The explicit expression for the two-point correlator
takes the form
ΠAAµν (q) = −4λ
[
P⊥αµP
⊥
ανa(q, z)
1
z
∂za(q, z) + P
‖
αµP
‖
αν a¯(q, z)
1
z
∂za¯(q, z) + P
‖
αµP
‖
α′ν
qαqα
′
q2
α(z)
1
z
∂zα(z)
] ∣∣∣∣
z=0
= −4λ
[
P⊥µνa(q, z)
1
z
∂za(q, z) + P
‖
µν a¯(q, z)
1
z
∂za¯(q, z) + P
‖
µνα(z)
1
z
∂zα(z)
] ∣∣∣∣
z=0
, (B3)
where the last term corresponds to the pion propagation.
At very low energies one can check that a(0, z) =
a¯(0, z) = α(z) and the expression above can be simplified
to
lim
q2→0
ΠAAµν (q) = −4λ(P⊥µν + 2P ‖µν)α(z)
1
z
∂zα(z)
∣∣∣∣
z=0
=
8λ
z20
P⊥µν , (B4)
where in the last line we have used the explicit expres-
sion for α(z). The previous equation can be alternatively
obtained using that
Aµ(0, x) =
uµ
2
≡ − i
2
u†DµUu
† , (B5)
where DµU = ∂µU − ilµU + iUrµ. This ensures, in par-
ticular, that the low-energy limit of this model matches
chiral perturbation theory, as it should. This means that
the prefactor in (B4) is to be identified with f2pi , i.e.
8λ
z20
= f2pi , (B6)
and thus one obtains eq. (17) in the main text.
The important point to emphasize is that the pion
propagation alone is longitudinal, and only the inclusion
of both the longitudinal and the transversal local contact
terms makes ΠAAµν a transverse object, as required by the
Ward identity in the chiral limit. This role of the con-
tact terms is in close analogy to what we observed for
the V V A correlator in Sect. V.
The leading short-distance behaviour of eq.(B3) can be
found by expanding the two-point axial-vector correlator
close to the UV boundary.
lim
Q2→∞
ΠAAµν (q) = −2λ log
Q2
µ2
P⊥µν , (B7)
which is reproduced from the transverse piece alone.
Matching to the coefficient of the parton-model logarithm
gives the result reported in eq. (15).
Appendix C: Scalar coefficients from the transverse
part of the axial-vector Green function
In one uses the formalism described in [20], one can
decompose the HLbL tensor into 54 tensorial structures.
Details and definitions can be found in this reference. In
this Appendix we just list the form of the scalar functions
Π¯i(q
2
1 , q
2
2 , q
2
3), i = 1, ...12 as predicted by our model.
Defining
WT (qa1 , q2b ; q2c , q2d) ≡
∫ z0
0
dz
∫ z0
0
dz′v(z, q2a)∂zv(z, q
2
b )
×GTA(z, z′; (qa + qb)2)v(z′, q2c )∂z′v(z′, q2d) , (C1)
one gets (q4 = 0 and q3 = −q1 − q2):
Π¯3(q
2
1 , q
2
2 , q
2
3) =
1
q21q
2
2(q1 + q2)
2
[
q22(q1 · q2 + q22)WT
(
q22 , q
2
3 ; 0, q
2
1
)
+ q21
(
q1 · q2 + q21
)WT (0, q22 ; q21 , q23)] , (C2)
Π¯4(q
2
1 , q
2
2 , q
2
3) =
1
q21q
2
2(q1 + q2)
2
[
q23(q1 · q2 + q22)WT (q23 , q22 ; 0, q21)− q21 q1 · q2WT (q21 , q22 ; 0, q23)
]
, (C3)
Π¯5
(
q21 , q
2
2 , q
2
3
)
=
1
q21q
2
2 (q1 + q2)
2
[
q22WT
(
q22 , q
2
3 ; 0, q
2
1
)− (q1 + q2)2WT (q23 , q22 ; 0, q21)− q21WT (0, q22 ; q21 , q23)] , (C4)
20
Π¯6
(
q21 , q
2
2 , q
2
3
)
=
1
q21q
2
2 (q1 + q2)
2
[
q21WT
(
q21 , q
2
2 ; 0, q
2
3
)− q22WT (q22 , q21 ; 0, q23)− (q1 + q2)2WT (q23 , q22 ; 0, q21)] , (C5)
Π¯7
(
q21 , q
2
2 , q
2
3
)
= − 1
q21q
2
2 (q1 + q2)
2
[
q21WT
(
q21 , q
2
2 ; 0, q
2
3
)
+ q22WT
(
q22 , q
2
3 ; 0, q
2
1
)− (q1 + q2)2WT (q23 , q22 ; 0, q21)] , (C6)
Π¯8
(
q21 , q
2
2 , q
2
3
)
=
1
2q21q
2
2 (q1 + q2)
2
[
q22
(WT (q22 , q23 ; 0, q21)−WT (q22 , q21 ; 0, q23))
+q21
(WT (q21 , q22 ; 0, q23)+WT (0, q22; q21 , q23))+ (q1 + q2)2 (WT (q23 , q22 ; 0, q21)−WT (0, q22; q23 , q21))] , (C7)
Π¯9
(
q21 , q
2
2 , q
2
3
)
=
1
2q21q
2
2 (q1 + q2)
2
[
q21
(WT (q21 , q22 ; 0, q23)−WT (0, q22 ; q31 , q23))
+q22
(WT (q22 , q21 ; 0, q23)−WT (q22 , q23 ; 0, q21))+ (q1 + q2)2 (WT (q23 , q22 ; 0, q21)+WT (0, q22; q23 , q21))] , (C8)
Π¯10
(
q21 , q
2
2 , q
2
3
)
=
1
2q21q
2
2 (q1 + q2)
2
[
q22
(WT (q22 , q21 ; 0, q23)+WT (q22 , q23 ; 0, q21))
+q21
(WT (q21 , q22 ; 0, q23)+WT (0, q22; q21 , q23))+ (q1 + q2)2 (WT (q23 , q22 ; 0, q21)+WT (0, q22; q23 , q21))] , (C9)
Π¯11
(
q21 , q
2
2 , q
2
3
)
=
1
2q21q
2
2 (q1 + q2)
2
[
q21
(WT (q21 , q22 ; 0, q23)−WT (0, q22 ; q21 , q23))
+q22
(WT (q22 , q21 ; 0, q23)−WT (q22 , q23 ; 0, q21))− (q1 + q2)2 (WT (q23 , q22 ; 0, q21)−WT (0, q22; q23 , q21))] , (C10)
Π¯12
(
q21 , q
2
2 , q
2
3
)
=
1
2q21q
2
2 (q1 + q2)
2
[
q21
(WT (q21 , q22 ; 0, q23)−WT (0, q22 ; q21 , q23))
−q22
(WT (q22 , q21 ; 0, q23)−WT (q22 , q23 ; 0, q21))+ (q1 + q2)2 (WT (q23 , q22 ; 0, q21)−WT (0, q22; q23 , q21))] . (C11)
In all the Π¯i above, v(z, q
2
4) (or v(z
′, q24) ) always appear
without derivative, and since we are taking the q4 → 0
limit, if follows that v(z, q24) → 1. Thus, the integral at
the soft-photon vertex contains the product of the trans-
verse axial-vector Green function and only one derivative
both depending on the same four-momentum. This leads
to simplifications.
For instance, let us consider the case
WT (q21 , q22 ; 0, q23) =
∫ z0
0
dz
∫ z0
0
dz′v(z, q21)∂zv(z, q
2
2)
×GTA(z, z′; q23)∂z′v(z′, q23) , (C12)
where q3 = −q1 − q2, and we have used that v(z, 0) = 1.
Then the following identity holds:∫ z0
0
dz′GTA(z, z
′; q2)∂z′v(z
′, q2) =
1
2
z20
2
(
a(z, q2)− α(z)v(z, q2)) , (C13)
so that one is left with a single integration:
WT (q21 , q22 ; 0, (q1 + q2)2) =
1
2
z20
2
∫ z0
0
dz v(z, q21)
× ∂zv(z, q22)
(
a(z, (q1 + q2)
2)− α(z)v(z, (q1 + q2)2)
)
,
(C14)
which can be evaluated numerically.
[1] M. Tanabashi et al. (Particle Data Group), Phys. Rev.
D 98, 030001 (2018)
[2] G. Venanzoni [Fermilab E989 Collaboration], Nucl. Part.
Phys. Proc. 273-275, 584 (2016) [arXiv:1411.2555].
[3] M. Otani [E34 Collaboration], JPS Conf. Proc. 8, 025010
(2015).
[4] F. Jegerlehner and A. Nyffeler, Phys. Rept. 477, 1 (2009)
[arXiv:0902.3360 [hep-ph]].
[5] A. Keshavarzi, D. Nomura and T. Teubner, Phys. Rev.
D 97, no. 11, 114025 (2018) [arXiv:1802.02995 [hep-ph]].
[6] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang,
arXiv:1908.00921 [hep-ph].
[7] A. Keshavarzi, D. Nomura and T. Teubner,
arXiv:1911.00367 [hep-ph].
[8] E. de Rafael, Phys. Lett. B 322, 239 (1994)
[hep-ph/9311316].
21
[9] J. Bijnens, E. Pallante and J. Prades, Phys. Rev. Lett.
75, 1447 (1995) [Phys. Rev. Lett. 75, 3781 (1995)]
[hep-ph/9505251].
[10] J. Bijnens, E. Pallante and J. Prades, Nucl. Phys. B 474,
379 (1996) [hep-ph/9511388].
[11] M. Hayakawa, T. Kinoshita and A. I. Sanda, Phys. Rev.
Lett. 75, 790 (1995) [hep-ph/9503463].
[12] M. Hayakawa, T. Kinoshita and A. I. Sanda, Phys. Rev.
D 54, 3137 (1996) [hep-ph/9601310].
[13] M. Hayakawa and T. Kinoshita, Phys. Rev. D
57, 465 (1998) [Phys. Rev. D 66, 019902 (2002)]
[hep-ph/9708227].
[14] M. Knecht and A. Nyffeler, Phys. Rev. D 65, 073034
(2002) [arXiv:hep-ph/0111058].
[15] K. Melnikov and A. Vainshtein, Phys. Rev. D 70, 113006
(2004) [hep-ph/0312226].
[16] A. Nyffeler, Phys. Rev. D 79, 073012 (2009)
[arXiv:0901.1172 [hep-ph]].
[17] J. Bijnens, N. Hermansson-Truedsson and A. Rodr´ıguez-
Sa´nchez, Phys. Lett. B 798, 134994 (2019)
[arXiv:1908.03331 [hep-ph]].
[18] G. Colangelo, M. Hoferichter, M. Procura and P. Stoffer,
JHEP 1409, 091 (2014) [arXiv:1402.7081 [hep-ph]].
[19] G. Colangelo, M. Hoferichter, B. Kubis, M. Procura and
P. Stoffer, Phys. Lett. B 738, 6 (2014) [arXiv:1408.2517
[hep-ph]].
[20] G. Colangelo, M. Hoferichter, M. Procura and P. Stoffer,
JHEP 1509, 074 (2015) [arXiv:1506.01386 [hep-ph]].
[21] V. Pauk and M. Vanderhaeghen, Phys. Rev. D 90, no.
11, 113012 (2014) [arXiv:1409.0819 [hep-ph]].
[22] G. Colangelo, F. Hagelstein, M. Hoferichter, L. Laub and
P. Stoffer, arXiv:1910.11881 [hep-ph].
[23] G. Colangelo, F. Hagelstein, M. Hoferichter, L. Laub and
P. Stoffer, arXiv:1910.13432 [hep-ph].
[24] K. Melnikov and A. Vainshtein, arXiv:1911.05874 [hep-
ph].
[25] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin,
C. Jung and C. Lehner, Phys. Rev. Lett. 118, no. 2,
022005 (2017) [arXiv:1610.04603 [hep-lat]].
[26] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin,
C. Jung and C. Lehner, Phys. Rev. D 96, no. 3, 034515
(2017) [arXiv:1705.01067 [hep-lat]].
[27] N. Asmussen, A. Ge´rardin, A. Nyffeler and H. B. Meyer,
SciPost Phys. Proc. 1, 031 (2019) [arXiv:1811.08320 [hep-
lat]].
[28] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin,
C. Jung and C. Lehner, arXiv:1911.08123 [hep-lat].
[29] T. Sakai and S. Sugimoto, Prog. Theor. Phys. 113, 843
(2005) [hep-th/0412141].
[30] J. Erlich, E. Katz, D. T. Son and M. A. Stephanov, Phys.
Rev. Lett. 95, 261602 (2005) [arXiv:hep-ph/0501128].
[31] J. Hirn and V. Sanz, JHEP 0512, 030 (2005)
[arXiv:hep-ph/0507049].
[32] L. Da Rold and A. Pomarol, Nucl.Phys. B721 (2005) 79
[hep-ph/0501218].
[33] C. T. Hill, Phys. Rev. D 73, 126009 (2006)
[hep-th/0603060].
[34] G. Panico and A. Wulzer, JHEP 0705, 060 (2007)
[hep-th/0703287].
[35] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998)
[arXiv:hep-th/9711200].
[36] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys.
Lett. B 428, 105 (1998) [hep-th/9802109].
[37] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998)
[hep-th/9802150].
[38] D. K. Hong and D. Kim, Phys. Lett. B 680, 480 (2009)
[arXiv:0904.4042 [hep-ph]].
[39] L. Cappiello, O. Cata and G. D’Ambrosio, Phys. Rev. D
83, 093006 (2011) [arXiv:1009.1161 [hep-ph]].
[40] J. Leutgeb, J. Mager and A. Rebhan, Phys. Rev. D 100,
no. 9, 094038 (2019) [arXiv:1906.11795 [hep-ph]].
[41] J. Leutgeb and A. Rebhan, arXiv:1912.01596 [hep-ph].
[42] C. G. Callan, Jr., S. R. Coleman, J. Wess and B. Zumino,
Phys. Rev. 177, 2247 (1969).
[43] F. Brunner and A. Rebhan, Phys. Rev. D 92, no. 12,
121902 (2015) [arXiv:1510.07605 [hep-ph]].
[44] L. Bartolini, F. Bigazzi, S. Bolognesi, A. L. Cotrone and
A. Manenti, JHEP 1702, 029 (2017) [arXiv:1611.00048
[hep-th]].
[45] A. Vainshtein, Phys. Lett. B 569, 187 (2003)
[hep-ph/0212231].
[46] M. Knecht, S. Peris, M. Perrottet and E. de Rafael, JHEP
0403, 035 (2004) [hep-ph/0311100].
[47] W. A. Bardeen and B. Zumino, Nucl. Phys. B 244, 421
(1984).
[48] A. Czarnecki, W. J. Marciano and A. Vainshtein, Phys.
Rev. D 67, 073006 (2003) Erratum: [Phys. Rev. D 73,
119901 (2006)] [hep-ph/0212229].
[49] D. T. Son and N. Yamamoto, arXiv:1010.0718 [hep-ph].
[50] R. A. Leo, A. Minguzzi and G. Soliani, Nuovo Cim. A
30, 270 (1975).
[51] W. A. Bardeen and W. K. Tung, Phys. Rev. 173, 1423
(1968), [Erratum: Phys. Rev. D4, 3229 (1971)].
[52] R. Tarrach, Nuovo Cim. A28, 409 (1975).
[53] G. Colangelo, M. Hoferichter, M. Procura and P. Stoffer,
JHEP 1704, 161 (2017) [arXiv:1702.07347 [hep-ph]].
[54] H. R. Grigoryan and A. V. Radyushkin, Phys. Rev. D
78, 115008 (2008) [arXiv:0808.1243 [hep-ph]].
[55] A. G?rardin, H. B. Meyer and A. Nyffeler, Phys. Rev. D
100, no. 3, 034520 (2019) [arXiv:1903.09471 [hep-lat]].
[56] M. Hayakawa and T. Kinoshita, hep-ph/0112102.
[57] J. Bijnens, E. Pallante and J. Prades, Nucl. Phys. B 626,
410 (2002) [hep-ph/0112255].
[58] M. Knecht, A. Nyffeler, M. Perrottet and E. de Rafael,
Phys. Rev. Lett. 88, 071802 (2002) [hep-ph/0111059].
[59] D. Greynat and E. de Rafael, JHEP 1207, 020 (2012)
[arXiv:1204.3029 [hep-ph]].
[60] M. Hoferichter, B. L. Hoid, B. Kubis, S. Le-
upold and S. P. Schneider, JHEP 1810, 141 (2018)
[arXiv:1808.04823 [hep-ph]].
[61] G. Eichmann, C. S. Fischer, E. Weil and R. Williams,
Phys. Lett. B 797, 134855 (2019) [arXiv:1903.10844 [hep-
ph]].
[62] K. Raya, A. Bashir and P. Roig, arXiv:1910.05960 [hep-
ph].
[63] J. Prades, E. de Rafael and A. Vainshtein, Adv. Ser. Di-
rect. High Energy Phys. 20, 303 (2009) [arXiv:0901.0306
[hep-ph]].
[64] V. Pauk and M. Vanderhaeghen, Eur. Phys. J. C 74, no.
8, 3008 (2014) [arXiv:1401.0832 [hep-ph]].
[65] I. Danilkin, C. F. Redmer and M. Vanderhaeghen, Prog.
Part. Nucl. Phys. 107, 20 (2019) [arXiv:1901.10346 [hep-
ph]].
[66] P. Roig and P. Sanchez-Puertas, arXiv:1910.02881 [hep-
ph].
